A relativistic and manifestly gauge-invariant soft-photon amplitude, which is consistent with the soft-photon theorem and satisfies the Pauli Principle, is derived for the proton-proton bremsstrahlung process. This soft-photon amplitude is the first two-u-two-t special amplitude to satisfy all theoretical constraints. The conventional Low amplitude can be obtained as a special case. It is demonstrated that previously proposed amplitudes for this process, both the (u,t) and (s,t) classes, violate the Pauli principle at some level. The origin of the Pauli principle violation is shown to come from two sources: (i) For the (s,t) class, the two-s-two-t amplitude transforms into the twos-two-u amplitude under the interchange of two initial-state (or final-state) protons. (ii) For the (u,t) class, the use of an internal emission amplitude determined from the gauge-invariance constraint alone, without imposition of the Pauli principle, causes a problem. The resulting internal emission amplitude can depend upon an electromagnetic factor which is not invariant under the interchange of the two protons.
I. INTRODUCTION
It has been known since the early work of Low [1] that the soft-photon theorem applies to all nuclear bremsstrahlung processes. This theorem states that, when the total bremsstrahlung amplitude is expanded in powers of the photon momentum (energy) K, the coefficients of the two leading terms are independent of off-shell effects. Therefore, the theorem implies that a soft-photon approximation (an on-shell approximation based upon the first two terms) should provide a good description of any bremsstrahlung process, including proton-proton bremsstrahlung (ppγ) . The open question has been how to construct a soft-photon amplitude which satisfies all theoretical constraints.
During the past three decades, a variety of soft-photon amplitudes have been proposed to describe the (ppγ) process. Although most of these amplitudes are relativistic, gauge invariant, and consistent with the soft-photon theorem, they violate the Pauli principle at some level. The requirement of fully satisfying the Pauli principle was heretofore neglected. The purpose of this paper is to provide a derivation of a soft-photon amplitude that not only is consistent with the soft-photon theorem, is valid relativistically, is manifestly gauge invariant, but also satifies the Pauli principle.
Recently, a prescription to generate two classes of soft-photon amplitudes was discussed: (1) the two-u-two-t special (T uT ts) amplitudes from the class expressed in terms of the (u, t) Mandelstam variables and (2) the two-s-two-t special (T sT ts) amplitudes from the class expressed in terms of the (s, t) Mandelstam variables [2] . In Ref. [2] , simple cases were used to demonstrate basic ideas and methods. The two particles involved in the scattering were assumed to be spinless and to have different masses and charges. The elastic scattering amplitude was defined as the sum of a direct amplitude and an exchange amplitude. Under these assumptions, the derived amplitudes are applicable to a description of bremsstrahlung processes involving the scattering of two bosons, but not two fermions. Because the proton is a spin-1/2 particle and the two-proton amplitude must obey the Pauli Principle, the pp elastic amplitude must be antisymmetric under interchange of the protons. That is, for the pp case the scattering amplitude should be obtained as the direct amplitude minus (not plus) the exchange amplitude. Therefore, the T uT ts amplitude derived in Ref. [2] is not a proper representation of the ppγ process, even though the argument regarding why the T uT ts-type amplitude should be used to describe the pp bremsstrahlung process is correct. Moreover, there is an additional problem which is related to the ambiguity in determining the internal emission amplitude. Without imposing the fermion antisymmetry requirement, the gauge invariant condition alone does not yield a unique expression for the internal amplitude. This important point, emphasized here, was not imposed in Ref. [2] . As a result, the internal amplitude obtained in Ref. [2] for the nonidentical particles considered is not a proper choice for bremsstrahlung processes involving two identical nucleons. For the case of ppγ the violation of the Pauli principle for the TuTts amplitude introduced in Ref. [2] is not serious since such violation is found only in the term of order K.
A more realistic T uT ts amplitude for the ppγ process was proposed recently [3] . That amplitude is relativistic, gauge invariant, and consistent with the soft-photon theorem. However, it does not obey the Pauli principle at the K 1 order in the expansion in terms of K. The problem arises from the internal amplitude. It involves an electromagnetic factor which is not invariant under the interchange of the two initial-state (incoming) or two final-state (outgoing) protons. As we demonstrate below, this factor is but one of two possible choices that can be obtained by imposing gauge invariance. The second choice for the invariant factor was missed in Ref. [3] , because the requirement that the Pauli principle be satisfied was not imposed in the derivation.
Except for the T uT ts amplitude discussed in Ref. [3] , almost all ppγ soft-photon amplitudes considered in the literature belong to the (s, t) class. These amplitudes depend upon the pp elastic amplitude, which is evaluated at the square of the total center-of-mass energy s and the square of the momentum transfer t. In fact, in most cases the average s and the average t were used. The amplitudes obtained by Nyman [4] and Fearing [5] are two well known examples. Such amplitudes are classified as Low amplitudes. Except for the Low amplitudes, all other amplitudes in the (s,t) class violate the Pauli principle for the following reason: If one interchanges the two initial-state (or final-state) protons, then one converts the (s, t) class of amplitudes into the (s, u) class of amplitudes. Because the ppγ process involves a half-off-shell amplitude (not an elastic ampltude), the (s, u) amplitude obtained by this procedure is completely different from the original (s, t) amplitude. Therefore, it is impossible to regain the original (s, t) amplitude with just a sign change after interchanging the two protons.
This paper is structured as follows. In Sec. II we define the pp elastic scattering amplitude which will be used as input to generate the bremsstrahlung amplitudes for the ppγ process. We use the amplitude introduced by Goldberger, Grisaru, MacDowell, and Wong (GGMW) [6] , but without incorporating the Fierz transformation. In Sec. III we derive a relativistic T uT ts amplitude by imposing gauge invariance and the Pauli principle. In deriving the amplitude, a straightforward and rigorous approach, slightly different from that employed in Ref. [2] , is utilized. We verify that the resulting T uT ts amplitude is consistent with the soft-photon theorem. Finally, a variety of other amplitudes, which violate the Pauli principle, are discussed in Sec. IV.
II. THE PROTON-PROTON ELASTIC SCATTERING AMPLITUDE
The Feynman amplitude F for pp elastic scattering,
can be written as [6] 
where
and we define
Note that λ α and λ α are tensors. For example,
σ µν σ µν , where the summation over µ and ν is implied. In Eq. (2), F α (α = 1, . . . , 5) are invariant functions of the Mandelstam variables s, t, and u,
Because of energy-momentum conservation,
s, t, and u satisfy the following relation,
so that only two of them are independent. (Here m is the proton mass.) The optimal choice of these two independent variables will depend on the fundamental diagrams (or the dominant tree diagrams) of a given process. In our case, guided by a meson-exchange theory of the NN interaction, we choose u and t to be the two independent variables, and we write
α=1 F α (u, t)G α represents a sum over the five direct amplitudes, while
Gα represents a sum over the five exchange amplitudes multiplied by the sign factor arising for two nucleons. The five direct amplitudes are depicted in Fig.  1a and the five exchange amplitudes are exhibited in Fig. 1b . These ten elastic-scattering diagrams will be used as source graphs to generate bremsstrahlung diagrams.
The Pauli principle imposes some restrictions on F α (u, t). For isotopic triplet states, we require that
If we interchangeq
, then (i) u is interchanged with t; (ii) G α is interchanged with ∼ Gα ; and (iii) the direct amplitude F α (u, t)G α will be interchanged with the exchange amplitude [−(−1) α F α (u, t) ∼ Gα ] but with opposite sign. Thus, the amplitude F given by Eq. (2) changes sign, and the Pauli principle is therefore satisfied.
III. PROTON-PROTON BREMSSTRAHLUNG AMPLITUDES A. External amplitudes
We can use Figs. 1a and 1b as source graphs to generate external emission pp bremsstrahlung diagrams.
If the photon is emitted from the q f -leg, then we obtain Figs. 2a and 2b. The amplitudes corresponding to these two diagrams can be written as
is the electromagnetic vertex. Here e > 0 is the proton charge, κ is the anomalous magnetic moment of the proton, and we have used three-body energy-momentum conservation for the ppγ process,
It is easy to show that
and we have used [A, B] ≡ AB − BA and {A, B} ≡ AB + BA. If we expand
If the photon is emitted from the q i -leg, then we get Figs. 2c and 2d, and the corresponding amplitudes have the form
and
If we use the relation
where R q i µ is given by the same expression as Eq. (11b) but with q f replaced by q i , and expand
we obtain from Eq. (14)
Similarly, if the photon is emitted from the p f -leg and p i -leg, then we obtain Figs. 2e and 2f and Figs. 2g and 2h, respectively. The amplitudes corresponding to these figures have the following expressions:
Here,
and R The external emission process is the sum of emission processes from the four proton legs. Therefore, the external bremsstrahlung amplitude, M E µ , can be written as
B. Internal amplitudes
The internal bremsstrahlung amplitude, M I µ , can be obtained from the gauge-invariance condition,
However, this condition alone cannot give a unique expression for the amplitude M 
Let us define
The choice of the expression given by Eq. (24b) is guided by the requirement that the Pauli principle be satisfied. Using the kinematic identities
and the mean-value theorem, we obtain
where u m and u ′ m lie between u 1 and u 2 , and t m and t ′ m lie between t p and t q . Inserting Eqs. (26a-26d) into Eq. (24b), we get
The expression for M I µ can now be generated if we substitute Eq. (27) into Eq. (23). We find
C. The Two-u-Two-t special amplitude M T uT ts
The amplitude M 
We observe that all off-shell derivative terms cancel precisely. The derivatives of F α with respect to u m , u ′ m , t m , and t ′ m can be replaced by the finite differences by using Eqs. (26a-26b). For example, Eq. (26a) gives
If we use the finite differences and the following relations
the amplitude M
T uT ts µ
can be written as
with
It is easy to verify that M T uT ts µ is gauge invariant; that is, one can demonstrate that M T uT ts µ K µ = 0. If p i is interchanged with q i , or if q f is interchanged with p f , we find
Eq. (33) 
and M T uT ts µ
Note that we have used the definition of the elastic amplitude, Eq. (2) (withp f → p f and q f → q f ), to obtain Eq. (36b) from Eq. (36a). The amplitude M T uT ts µ (I) does not vanish in general. If we use the following expansion,
then Eq. (36a) can be written as
which shows that M is consistent with the softphoton theorem. In order to obey charge conservation, the internal amplitude M T uT ts µ (I) must vanish at the tree level. To see this, let us consider a one-boson-exchange (OBE) model. For any OBE model, the elastic amplitudes F (u i , t j ) can be expressed as follows:
Here, F D (t j ) and F E (u i ) represent all direct amplitudes and all exchange amplitudes, respectively. Inserting Eq. (40) into Eq. (36b), we find
IV. DISCUSSION
A. The Two-u-Two-t special amplitudes
The amplitude M
given by Eq. (31) is not the only two-u-two-t special amplitude which can be constructed from the external amplitude Eq. (21) by imposing gauge invariance. In Eq. (23), the expression for M I µ K µ involves a factor I α defined by Eq. (24a). If we rewrite I α in the form shown in Eq. (24b), and use the formulas given by Eqs. (26a-26d) , we obtain Eq. (27). It is this expression for I α which gives us the amplitude M T uT ts µ . This amplitude has many good features: it is relativistic, gauge invariant, consistent with the soft-photon theorem, and it satisfies the Pauli principle.
However, Eq. (27) is not a unique expression for I α . If we substitute Eqs. (26a) and (26b) into Eq. (24a), we obtain
which is different from Eq. (27). If Eq. (42) were used, we would obtain a new amplitude, M
, which is given by the same expression as M T uT ts µ defined in Eqs. (31) and (32) but with V µ replaced byV µ , with
If p i is interchanged with q i (or if q f is interchanged with p f ), then we havē
while, on the other hand,
Thus, there is an important difference between the two amplitudes, M 
, notM
T uT ts µ , should be used for the ppγ process. If we apply the Fierz transformation,
we can write Eq. (2) in the form
or in the form
Equation (46) is obtained when we choose (u, t) to be the two independent variables; i.e., we use F α = F α (u, t) in Eq. (2). On the other hand, Eq. (47) is obtained if the two independent variables are (s, t). For the pp elastic case, the expressions for F given by Eqs. (2), (46), and (47) are identical. However, if these expressions are used as input to generate ppγ amplitudes, then the constructed amplitudes will be different. The amplitude generated from Eq. (47) will be discussed in next subsection. Here, we would like to present, without showing the details of derivation, two more two-u-two-t special amplitudes which can be obtained from Eq. (46). We have
where (i = 1, 2),
and V µ andV µ are defined by Eqs. ) has been used in Ref. [3] . This amplitude violates the Pauli principle because its internal amplitude depends uponV µ . However, the violation is only of order K. To see this, one need only observe that the internal amplitude for M T uT ts 2µ is given by the same expresssion as that in Eq. (36a) but with V µ replaced byV µ , F α replaced by F e α , and the ∼ Gα omitted. If one then carries out an expansion similar to that given by Eq. (38), one sees that the internal amplitude contributes only to the term of order K, the third term, in the soft-photon expansion.
The amplitudes M T uT ts µ and M
T uT ts 2µ
have been numerically studied. We found that the ppγ cross sections calculated from the two amplitudes are not significantly different, except for those cases when both proton scattering angles are very small and the photon angle ψ γ is around 180
o . The amplitude M Another class of amplitudes, the two-s-two-t special amplitudes, can be derived if (s, t) are chosen to be the independent variables. The input (elastic-scattering amplitude) used to generate this class of amplitudes can be either Eq. (2) with F α = F α (s, t) (without introducing the Fierz transformation) or Eq. (47), which is obtained from Eq. (2) by applying the Fierz transformation. In other words, two amplitudes can be constructed, but it can be shown that they are identical. The same procedure as outlined in the previous subsection can be followed to obtain the proof. Here, we will just present the expressions for these two amplitudes without derivation, because the procedures for deriving them are very similar to those used in the previous sections for M T uT ts µ . If Eq. (2) with F α = F α (s, t) is used as input, the resulting ppγ amplitude assumes the form M T sT ts 1µ (s i , s f ; t p , t q ) = e 
